Recent detection of the gravitational waves from a binary black hole merger by the LIGO and Virgo collaboration has provided the possibility of testing the validation of Einstein theory of gravity [25] . Among the future purposes of developments in detection of gravitational waves is investigation regarding the possibility of existence of massive gravitons. The GR and its generalization, GB, include the gravitons as massless particles [26] . Whereas, in studies conducted in the context of brane-world gravity, the possible existence of the massive modes for gravity was pointed out [27] . Massive gravity is a modification of GR based on the idea of equipping the graviton with mass. The first ghost-free theory which included massive gravitons in flat space was proposed by Fierz and Pauli in 1939 [28]. However, it was shown by Boulware and Deser (BD) in 1972 [29] , that there is an inevitable ghost instability in generic types of self-interactions for the massive spin-2 field of Fierz-Pauli in non-flat background. To avoid the existence of BD ghost in massive gravity, de Rham, Gabadadze and Tolley (dRGT) in 2011, introduced a set of possible interaction terms to include massive gravitons and avoid the possibility of BD ghost instability [30] . In fact, it was shown that a subclass of massive potentials the BD ghost does not appear, both in dRGT massive gravity [31] and its bi-gravity extension [32, 33] .
Motivated by recent progresses in the field of massive gravity, the paper at hand investigates the thermodynamical structure of black holes with three specific generalizations: i) Gauss-Bonnet gravity which is motivated from string theory ii) PMI nonlinear electromagnetic field which is motivated from perspective of the QED correction iii) massive gravity which is motivated by obtaining the modification of standard general relativity. The exact solutions of this setup are extracted which are interpreted as black holes. In addition, thermodynamical quantities of the solutions are calculated and their critical behavior are studied. It will be shown that although massive and Gauss-Bonnet gravities are both generalizations in gravitational sector, they show opposing effects regarding the critical behavior of the black holes. Furthermore, a periodic effect on number of the phase transition is reported for variation of the nonlinearity parameter and it will be shown that for super charged black holes, system is restricted in a manner that prevents it to reach the critical point and acquires phase transition. In addition, the effects of geometrical structure on thermodynamical phase transition will be highlighted.
I. INTRODUCTION
Among the generalizations of Einstein theory of the gravity, Lovelock generalization has been proven to be special one. This is due to fact that this theory enjoys the existence of several properties which include: i) This theory consists curvature-squared terms where interestingly leads to only up to quadratic order of derivation with respect to metric [1, 2] . ii) This theory of gravity enjoys absence of ghost [3] . iii) This theory of gravity can solve some of the shortcomings of general relativity (GR) [4] . iv) This gravity arisen from the low-energy limit of heterotic string theory [5] . v) This theory may also play an important role in the context of the braneworld scenario [6] . vi) It is notable that, Lovelock gravity represents a very interesting scenario to study how higher curvature corrections to black hole physics substantially change the qualitative features we know from our experience with black holes in GR.
Gauss-Bonnet (GB) theory was first introduced by Lanczos in ref. [7] , then rediscovered with more details by David Lovelock in ref. [8] . The first three terms of Lovelock gravity provide us with the well known GB gravity which consists of the cosmological constant, Einstein's tensor and an additional term called the GB term. The first derivation of black hole solutions in the presence of GB gravity was done by Boulware and Deser in ref. [1] . The thermodynamical properties and eikonal instability of these solutions were studied in some literatures [9] . Combination of GB theory with other theories of gravity such as dilaton [10] , rainbow [11] , F (R) [12] , and F (R, G) [13] have been done. Charged GB black hole solutions have been investigated in ref. [14] . Later, exact black hole solutions including their thermodynamical properties have been explored in ref. [15] . Several generalizations of black holes with nonlinear electrodynamics have also been obtained in ref. [16] .
The effects of GB gravity on different properties of the system have been investigated in diverse physical contexts, to name a few: i) presentation of conserved charges of GB-AdS gravity in electric part of the Weyl tensor which gives a generalization to conformal mass definition [17] . ii) investigation of Holographic thermalization in GB gravity through the Wilson loop and the holographic entanglement entropy [18] . iii) negative effects of GB parameter on superconductor phase transition through p-wave phase transition [19] . iv) evidences of the effects of GB gravity of bulk theory on dual conformal field theory of the boundary in AdS/CFT correspondence [20, 21] . It is worthwhile to mention that in the presence of GB gravity, gravitons are massless and they propagate with speed of light. Also, it was shown that on stationary spacetime, event horizon of black holes in the presence of GB gravity becomes Killing horizon [22] . Some restrictions regarding the GB gravity were extracted in ref. [23] , in order to avoid violation of causality. These restrictions pointed out to requirement of an infinite tower of massive higher-spin states, as it happens in string theory [24] , in order to complete the theory.
II. CHARGED BLACK HOLE SOLUTIONS IN GB-MASSIVE GRAVITY
The d-dimensional action of GB-massive gravity in the presence of negative cosmological constant and power Maxwell field can be written as
where R is the scalar curvature, L(F ) = (−F ) s is the Lagrangian of power Maxwell theory and also
are, respectively, the coefficient and the Lagrangian of GB gravity. ψ is a fixed symmetric fiducial metric tensor. In Eq. (1), c i are constants and U i 's are symmetric polynomials of the eigenvalues of the
Here, technically, it is not easy to study the solutions with all possible U i 's in an arbitrary d−dimensions (for i > d − 2, U i = 0). GB gravity is the general Lagrangian for 5 and 6 dimensions with Einstein assumptions of general relativity, and it is clear that U i = 0, (i¿4) for d = 6. Although we generalize the solutions to higher dimensions, for the sake of simplicity, we keep the massive effects up to U 4 . Obviously, if we regard other higher curvature terms of Lovelock theory, it is logical to consider other U i .
We can extract the equations of motion by variation of the action (1) with respect to the metric tensor g µν and the Faraday tensor F µν , so we have
where χ µν and H µν are in the following forms
We consider a topological d-dimensional static spacetime as
where f (r) is the metric function and h ij dx i dx j is the line element of a (d − 2)-dimensional space with constant curvature (d − 2)(d − 3)k and volume V d−2 . We should note that the constant k indicates that the boundary of t = constant and r = constant can be elliptic (k = 1), flat (k = 0) or hyperbolic (k = −1) curvature hypersurface. In order to find the metric function, analytically, we should consider a suitable reference metric at the first step [47, 48] 
where c is positive constant. Using the Eq. (8), U i 's be written as [47, 48] 
where
Using the electrical gauge potential ansatz, A µ = h(r)δ 0 µ , with Maxwell equation (4), we obtain
Using the above equation we can extract the electrical gauge potential as
where q is an integration constant which is related to the electric charge. Physically, the electromagnetic gauge potential should be finite at infinity, therefore, one should impose following restriction on the nonlinearity parameter
Applying the above equation, we find a restriction on the range of s as
To find metric function f (r) for the metric (7), one may use any components of Eq. (3). For this purpose, we can use different components (tt and x 1 x 1 ) of Eq. (3) which can be written as
where Φ 1 and Φ 2 are, respectively,
Now, by using the Eqs. (14) and (15), we can obtain the metric function as
In the above equation, m 0 is integration constants which is related to the total mass of the black hole. It is notable that, obtained solutions (20) , satisfy all components of Eq. (3).
Here, we want to study the existence of the singularity for obtained solutions. To find that, we investigate the Kretschmann scalar. Straightforward calculations show that the Kretschmann scalar for small values leads to
so, there is an essential singularity located at the origin (r = 0). In order to study asymptotical behavior of the metric solutions, one can investigate the Kretschmann scalar for large values of radial coordinate. We find it as
Also for small values of GB parameter it will yield lim α−→0
The above equations (Eqs. (24) and (25)), confirm that asymptotical behavior of the solutions is (A)dS with an effective cosmological constant Λ ef f = Λ ef f (Λ, α). Therefore, the solution (20) , describes a d-dimensional asymptotically (A)dS topological black hole with a negative, zero or positive constant curvature hypersurface in GB-massive gravity in the presence of power Maxwell field.
Also, in the absence of massive parameter (m = 0), the solution (20) reduces to the obtained metric function for GB gravity in the presence power Maxwell field [62] 
The existence of at least one horizon for the obtained metric function shows that these solutions may be interpreted as black hole solutions. Considering the specific values of different parameters of massive gravity, the metric function will have two different cases; i) the usual behavior similar to GB-Maxwell gravity (two horizons, or one extreme horizon, or no horizon (naked singularity), see Figs. 1 and 2, for more details). ii) the existence of more than two roots for the metric function. In other words, we encounter with interesting solutions which have two normal and one extreme (outer) horizons or four horizons (see Figs.1 and 2 , for more details). In other words, the massive parameters affect the number of roots of the metric function.
III. THERMODYNAMICS
In order to investigate the first law of thermodynamics, first, we calculate the conserved and thermodynamics quantities of the static black hole solutions in d-dimensional GB-massive context, and then by using these quantities we examine the first law of thermodynamics. Applying the definition of surface gravity at the outer horizon r + , we obtain the Hawking temperature of this black hole in the following form
where Ξ 1 and Ξ 2 are, respectively, the massive and PMI effects on the temperature with the following explicit forms
We use the flux of the electromagnetic field at infinity to calculate the electric charge of the black hole, yielding
Next, we use the definition introduced in ref. [9] for calculating the electric potential, U , as
Due to generalization of Einstein gravity to GB gravity, one can use Wald's formula to obtain the entropy of the black holes [9] . This leads to
It is notable that, the above equation shows that the area law is violated for the GB black holes with non-flat horizons.
Another important conserved quantity is the total mass of black holes. For finding it, one can use the Hamiltonian approach which results into
Now, we define the intensive parameters conjugating to S and Q. These quantities are the temperature and the electric potential with the following form
The above results coincide with Eqs. (27) and (32) and, therefore, we find that these conserved and thermodynamic quantities satisfy the first law of black hole thermodynamics as
IV. HEAT CAPACITY
The heat capacity is one of the thermodynamical quantities carrying crucial information regarding thermodynamical structure of the black holes. There are three specific information that are of interest regarding heat capacity: i) the discontinuities of this quantity mark the possible thermal phase transitions that system can undergo. ii) the sign of it determines whether the system is thermally stable or not. In other words, the positivity corresponds to thermal stability while the opposite shows instability. iii) the roots of this quantity are also of interest since it may yield the possible changes between stable/instable states or bound point. Due to these important points, this section and the following one are dedicated to calculation of the heat capacity of the solutions and investigation of thermal structure of the black holes using such quantity. We will show that by using this quantity alongside of the temperature, we can draw a picture regarding the possible thermodynamical phase structures of these black holes and stability/instability that these black holes could enjoy/suffer.
One can use following relation for calculating the heat capacity
A. Special case:
Considering Eqs. (27) and (33) for the case s = d1 2 , we can obtain the heat capacity in the following form
in which B 1 and C 1 are
and also Ξ 1+ = Ξ 1 |r=r + .
B. general case:
Considering Eqs. (27) and (33) for case s = d1 2 , we can obtain the heat capacity
where B 2 and C 2 are
and also Ξ 2+ = Ξ 2 |r=r + .
V. RESULTS, DISCUSSION AND CONCLUSION
Unfortunately, it was not possible to obtain divergence points and roots of the heat capacity analytically, and therefore, we employed the numerical method. In order to investigate the effects of different factors on thermodynamical behavior of the solutions, we have plotted following diagrams for variation of the gravitons's mass (Fig. 3) , GB factor (Fig. 4) , nonlinear parameter (Fig. 5) , electric charge (Fig. 6 ) and topological factor (Fig. 7) .
The heat capacity provided in this paper could enjoy one of the following cases: i) one root and being an increasing function of the horizon radius. ii) one root with one divergency. iii) one root and two divergencies. Correspondingly, the temperature enjoys one of the following behaviors: i) having one root. ii) existence of one root and one extremum. iii) having one root, one maximum and one minimum. iv) existence of one root, one divergency and one minimum which is reported only for black holes with hyperbolic horizon. The root of temperature is coincidence with the root of heat capacity, except for one case that will be highlighted later. The divergencies of heat capacity are taking place exactly where temperature acquires an extremum. Before the root, both heat capacity and temperature are negative which indicate non-physical unstable solutions. The divergencies of heat capacity take place only after root. If there is only one divergency, heat capacity is positive around it, so the solutions are thermally stable. In this case, our thermodynamical system meets a critical point at where heat capacity diverges. In the case of two divergencies, between root and smaller divergence point and after larger divergency, since heat capacity is positive valued, the solutions are thermally stable in these regions. Between the divergencies, heat capacity is negative indicating unstable state. This shows that for this case, a phase transition takes place between divergencies.
Evidently, for small values of the massive parameter, the heat capacity enjoys only one root. The place of root is a decreasing function of this parameter. Increasing massive gravity results into formation of divergencies in the structure of heat capacity. Therefore, for sufficiently large values of the massive parameter, thermodynamical system acquires critical behavior and phase transition (see Fig. 3 ). The effects of GB parameter are opposite to massive parameter. In other words, by increasing the value of this parameter, the divergencies of heat capacity, hence phase transitions in thermal structure of the heat capacity are omitted (Fig. 4) . The effects of nonlinearity parameter proves to be outstanding. Increasing this parameter results into periodic behavior for existence of divergencies and their number. For specific region, increasing the nonlinearity parameter results into vanishing the divergencies, and heat capacity becomes a smooth function of the horizon radius (see up panels of Fig. 5 ). Interestingly, increasing the nonlinearity further causes the heat capacity to acquire the divergencies that were omitted (see middle panels of Fig.  5 ). Therefore, system will have thermodynamically critical behavior. But, if the nonlinearity parameter is increased again, the divergencies will vanish again (see down panels of Fig. 5 ). Therefore, we observe a periodic behavior for existence/absence of thermodynamical phase transition for the black holes for variation of the nonlinearity parameter. This specific behavior is solely belongs to this type of the nonlinear electromagnetic field and Born-Infeld families of the nonlinear electromagnetic field do not possess such property. The effects of variation of electric charge is depicted in Fig. 6 . Interestingly, in the absence of electric charge, the temperature and heat capacity acquires a non-zero value for vanishing horizon radius (see continuous line in Fig. 6 ). Considering this specific behavior and evaporation of the black holes mechanism, one can point out that for these black holes, in evaporation process (where horizon radius is vanished) a trace of existence of the black holes is left in term of thermal fluctuation. This is a generic behavior that is present for the black holes due to massive gravity generalization. Previously, existence of the trace of thermal fluctuation for temperature of the black holes in the presence of massive gravity was reported for 3 and 4 dimensional black holes. Presence of it in 5 dimensional case signals that this is a generic behavior available for black holes in massive gravity generalization. Existence of such trace could be used to address the long standing issue of information paradox for black holes. As we can see, for non-zero value of the electric charge, this specific behavior is omitted and, temperature and heat capacity acquire a root. For the absence or small values of the electric charge, heat capacity enjoys the presence of two divergencies in its structure. Increasing the value of electric charge results into first one divergency and then its vanishing. This shows the number of the divergencies is a decreasing function of the electric charge. Finally, as one can see, the topological factor, modifies the place of divergencies in heat capacity and their number as well (Fig. 7) . One of the most interesting results is regarding black holes with hyperbolic horizon. For this specific horizon, temperature enjoys a root, a divergency and one minimum in its structure. Before the root and after the divergency, temperature is positive valued whereas between root and divergency, temperature is negative, therefore solutions are nonphysical. Interestingly, the divergency of temperature is coincided with an extremum root in the heat capacity (see right panel of Fig. 7) . For k = −1, the root of temperature coincides with a non-extremum root in the heat capacity and extremum of the temperature is matched with a divergency in the heat capacity. Before the root of temperature, both temperature and heat capacity are positive valued indicating existence of physical stable state. Between the root and divergency of the temperature, both heat capacity and temperature are negative valued, hence solutions are not physical. Between divergency of the temperature and its minimum, temperature is positive whereas, interestingly, heat capacity is negative valued indicating the existence of physical unstable state for black holes. After the minimum of temperature (divergency of heat capacity), both temperature and heat capacity are positive. This shows that there is a phase transition between medium unstable black holes and larger stable ones. If one compare the hyperbolic case with spherical/flat black holes, one can see that thermodynamically speaking, there are significant differences between the thermodynamical structure and phase transitions of black holes in these two horizons. On the other hand, as we can see, not all the roots in heat capacity are matched with roots in the temperature. Interestingly, as we study the heat capacity, no discontinuity is observed where temperature is divergent. This shows the necessity of investigating temperature and heat capacity separately and also together to draw a better picture regarding the thermodynamical behavior of the black holes.
The nonzero massive parameter is related to the mass of gravitons. As we can see, the increment in this parameter results into system acquiring a critical thermodynamical behavior. Depending on the values of m, system may acquire specific critical behavior. Recently, it was pointed out that quasi normal modes of the black holes present a characteristic behavior in their frequencies which exactly takes place where system has a thermodynamical phase transition. Considering this fact, the specific contributions of the massive gravity into thermodynamical structure of the black holes could be employed to distinguish the validity of massive gravity generalization. As for the GB gravity, studying the Ricci scalar or Riemann tensor shows that the effects of GB gravity is toward increasing the value of these quantities. Increment in the value of curvature scalar indicates stronger gravitational power. Therefore, on can conclude that strength of the gravitational field is an increasing function of the GB parameter. Considering this fact, we can see that by increasing the value of GB parameter, hence the strong gravitational field, the critical behavior is omitted. This shows that the presence of an instability, hence a phase transition, is more probable to be seen in black holes with weaker gravitational field, the existence of a phase transition is less possible or even in some cases impossible. This shows that as we increase the strength of gravitational field, a rearrange in thermodynamical distribution of the system is done in a manner to avoid thermal phase transition. This also shows that gravitational strength and, thermodynamical behavior and properties are closely related and the modification in one has more direct and observable effects on the other one. The topological factor represents the geometrical structure of the horizon for black holes provided in this paper. As we have pointed out, depending on the type of horizon, thermodynamical structure of the black holes would be significantly different. This signals us with the fact that geometrical structure of our object of interest also plays a crucial role in determining the thermodynamical behavior of it. Therefore, one can conclude that there is also a direct relation between thermodynamical properties of the system (including phase transitions), and geometrical structure. In essence, we are expecting this fact. The reason is because through Einstein point of the view of gravity, gravity is induced due to geometrical variation of the spacetime. Such variation is originated from the effects of mass on the spacetime. Therefore, there is a direct relation between gravitational field and geometrical properties. Establishing the fact that gravitational field directly affects the thermodynamical behavior, one can conclude that there is a direct relation between geometrical structure and thermodynamical properties. In our study of the heat capacity, such link between geometrical properties and thermodynamical behavior was highlighted. This signals us with the fact that the origin of thermodynamical behavior, geometrical structure and gravitational field could be the same. In the context of electric charge, we observed that increasing electric charge results into omitting the divergencies in the heat capacity. One can conclude that for super charged black holes, system is restricted in a manner that prevents the thermodynamical structure reaching critical behavior. This shows that the total net charge provided for black holes could modify the structure of black holes to a level of canceling the effects of the massive gravity and GB generalization. Comparing to other generalizations, the electric charge is of a more free nature. This is due to fact that black holes by consuming the matters surrounding them, can achieve higher values of the electric charge. This shows that comparing to other parameters discussed in the paper, the electric charge could grow more rapidly comparing to other factors considered and discussed before. Once more, we point out that in the absence of electric field, the generalization to massive gravity provided black holes with a possibility of existence of non-zero temperature and heat capacity for vanishing horizon radius. This indicates the presence of a trace of existence of black holes even after black hole evaporation. This is a generic property which so far was observed only for black holes in the presence of massive gravity. Finally, the periodic effect of nonlinearity parameter on the existence of divergencies in heat capacity, hence phase transition should be pointed out. The nonlinearity parameter measures the degree of nonlinear nature of the electromagnetic field. In the context of Born-Infeld family of nonlinear electromagnetic fields, increasing the nonlinearity parameter results into decreasing the nonlinear nature of the electromagnetic field. In other words, for large values of the nonlinearity parameter, electromagnetic field in Born-Infeld family will yield a Maxwell-like behavior. Interestingly, for PMI case, the Maxwell-like case is achieved for only a specific case (s = 1) and variation of the nonlinearity parameter results into periodic behavior regarding the existence of phase transition points. This shows that PMI theory enjoys the larger number of the possibilities regarding existence of the critical behavior comparing to Born-Infeld theories.
